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Cooperative - Competitive Genetic Evolution of
Radial Basis Function Centers and Widths for Time

Series Prediction
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Abstract— In a radial basis function (RBF) network, the
RBF centers and widths can be evolved by a cooperative-
competitive genetic algorithm. The set of genetic strings
in one generation of the algorithm represents one RBF net-
work, not a population of competing networks. This leads to
moderate computation times for the algorithm as a whole.
Selection operates on individual RBFs rather than on whole
networks. Selection therefore requires a genetic fitness func-
tion that promotes competition among RBFs which are do-
ing nearly the same job, while at the same time promoting
cooperation among RBFs which cover different parts of the
domain of the function to be approximated. Niche creation
resulting from a fitness function of the form |w;|?/E(|w;:|?),
1 < 3 < 2 can facilitate the desired cooperative-competitive
behavior. The feasibility of the resulting algorithm to evolve
networks of Gaussian, inverse multiquadric, and thin-plate
spline RBFs is demonstrated by predicting the Mackey-
Glass time series. For each type of RBF, and for networks
of 25, 50, 75, 100, 125, and 150 RBF units, prediction errors
for the evolved Gaussian RBF networks are 50-70% lower
than RBF networks obtained by k-means clustering.
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I. INTRODUCTION
A radial basis function (RBF) network [1], [2], [3] used

to approximate an unknown function f : " — R can be
described by the affine mapping

f(x) ~ wo + Z wii () (1)

in which the m radially-symmetric basis functions ¢; are
often taken to be translated dilations of a prototype radial
basis function ¢ : & — R, i.e. ¢i(x) = o(||x — <l|/di),
where ¢; € 1" is the center of basis function ¢;, d; € R is a
dilation or scaling factor for the radius ||x — ¢;]|, and || || is
typically the Euclidean norm on R”. Choices of ¢ consid-
ered in theoretical investigations [1], [3], [4], [5], [6], [7] and
practical applications [5], [7], [8], [9], [10] include ¢(r) = r
(linear), ¢(r) = r3 (cubic) ¢(r) = r?logr (thin plate
spline), ¢(r) = e~ /2 (Gaussian), ¢(r) = vr2+ 1 (mul-
tiquadric), and ¢(r) = 1/v/r? + 1 (inverse multiquadric),
where in all cases r is the scaled radius ||x — ¢;||/d;.
Radial basis functions were originally proposed as an in-
terpolation method, and their properties as interpolants
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have been extensively studied [3]. In this context, if the
value of f is known at p data points xq,...,x, in R”,
then each basis function ¢; is centered on one of these
data points, so that there are as many centers c; as data
points: m = p. In the context of neural networks, on the
other hand, it is commonly assumed that there are signifi-
cantly fewer basis functions than data points. The central
problem then becomes the placement of the centers ¢; and
determination of the radial dilation factors (usually called
widths) d; to achieve the best prediction and generalization
performance [11]. This problem is most often approached
by clustering the data points. The p data points are clus-
tered into m clusters, and the centers of these clusters are
then used as the RBF centers ¢; [12]. Clustering is typically
performed by a vector quantization algorithm [13], which
iteratively minimizes some measure of distortion such as
the mean squared distance from each data point to the
center of the cluster to which it belongs.

Once the centers and widths of the basis functions are
determined, each weight w; used in the approximation of
equation (1) may be determined either by direct numerical
least-squares methods such as singular value decomposi-
tion, or by iterative methods such as the LMS algorithm
[14].

In this paper, we consider a novel genetic approach to op-
timizing the center locations ¢; and widths d; when m < p.
This genetic approach operates on a population of com-
peting basis functions ¢;. The entire population corre-
sponds to a single RBF network. This means that indi-
vidual RBFs in the population, although genetically com-
peting with each other, must evolve to cooperatively model
the function f over the entire domain of interest. While
cooperative-competitive algorithms are well known in neu-
ral networks [15], previous genetic approaches to neural
network optimization have emphasized purely competitive

genetic algorithms (GAs) [16-29].

The remainder of this paper is organized as follows: Sec-
tion II reviews various approaches to genetic optimization
of neural networks, fitting our approach into this frame-
work. Section III considers how a genetic fitness function
can be chosen to facilitate cooperative-competitive evolu-
tion. Section IV provides further details of our model. Sec-
tion V then explains the benchmark problems used to show
the model’s feasibility, and Section VI compares the results
with those produced by k-means clustering.



II. EVOLUTIONARY OPTIMIZATION OF NEURAL
NETWORKS

Since genetic and other evolutionary algorithms for op-
timizing neural networks have been thoroughly reviewed
elsewhere [30], [31], only the major trends in this research
will be summarized here.

A. Competing Whole Networks

Let us first consider the main body of work in which the
competing individual is a whole neural network. In this
framework, each individual in the population specifies a
separate neural network. Competition then occurs among
these individual networks, based on the performance of
each network. Within this framework, different lines of
research can be categorized according to which parameters
of the neural network are specified by the evolutionary al-
gorithm.

One approach is to evolve only the structural specifica-
tion of an untrained feedforward neural network, such as
the number of layers and the distribution of connections be-
tween layers [16-29]. To evaluate such an evolved structural
specification, it must be instantiated and the resulting net-
work must then be trained and tested by conventional non-
evolutionary neural algorithms. A contrasting approach is
to evolve both the structure and weights of a network [32-
46]. Here the evaluation of each evolved network is much
simpler. Since the weights of each evolved network have
already been adapted by the evolutionary algorithm, its
evaluation does not require additional training by a non-
evolutionary algorithm. The space of possible networks to
be searched by the evolutionary algorithm becomes much
larger, however, if every weight must be adapted by the evo-
lutionary algorithm. A compromise approach is to evolve
a specification which leaves only the final layer of weights
unspecified. In this case the evaluation of each network
requires training of one layer of weights only, which is typi-
cally a much lighter computation than a multilayer training
algorithm. This compromise approach has been studied on
feedforward networks using both sigmoidal [42] and radial
[47] basis functions.

Within this framework of competition among separate
neural networks, other differentiating factors include the
basic alphabet of binary or real-valued representations
which encode the specification of a neural network for ge-
netic [48] or non-genetic [35] evolution.

B. Evolving One Hidden Unit at a Time

Cascade-correlation learning [49] (and similar methods
such as projection pursuit learning [50]) employ non-
traditional neural network architectures in which the hid-
den units are added sequentially. The cascade correlation
architecture does not attempt to simultaneously optimize
all hidden units. Instead, the placement of one hidden
unit is optimized and frozen before beginning to optimize
the placement of another hidden unit. (This architecture
typically employs hidden units with sigmoidal activation
functions rather than RBF units. The “placement” of such

a sigmoidal unit i1s determined by the vector of weights
leading into it and can be visualized as a hyperplane per-
pendicular to this weight vector.)

Since cascade correlation optimizes one unit at a time,
the gradient descent procedure typically used to optimize
the unit’s placement can be replaced by a competitive ge-
netic [51], [52] or evolutionary programming (EP) [42], [53]
algorithm. Successive runs of the GA or EP optimize suc-
cessive hidden units. The competing units are thus in-
dividual units rather than whole networks. During each
successive run, candidate hidden units compete to evolve
the placement of the single unit to be optimized by that
run. In this framework of evolving one unit at a time, the
space to be searched by each run of the GA or EP is much
smaller. There is no guarantee, however, that optimizing
one unit at a time will lead to a globally optimal placement
of the entire set of hidden units.

IT1I. EvoLVING COOPERATING AND COMPETING UNITS

In the present paper, we consider a framework different
from the two major frameworks discussed in Sections II-A
and II-B above. Like the first framework of evolving whole
networks, we wish to simultaneously optimize the entire set
of centers and widths which specify an RBF network. In-
stead of a population of competing networks, however, the
entire population of our GA encodes only one network, as
in the second framework. The desired framework is similar
to that of [54] in which the hidden units reproduce or die
based on their performance, in addition to being modified
by back propagation learning. In our framework, however,
an evolutionary algorithm is the sole means of modifying
unit placement.

In the desired framework, each individual in the pop-
ulation specifies a different RBF belonging to the same
network. The desired outcome is therefore not a single
optimal RBF, but rather a population of coadapted RBFs
which work together to yield a well-performing RBF net-
work. To achieve this outcome using a GA, two problems
must be solved. First is the well-known credit apportion-
ment problem [48], [55], [56]: the quantity to be optimized
is a performance measure of the whole population, but the
GA requires a performance measure for each separate indi-
vidual in the population. The second problem is known in
the GA literature as a “niching problem” [57], [58]: differ-
ent RBFs must evolve to do different parts of the overall
Jjob of approximating f.

Intuitively, we approach the credit apportionment prob-
lem by assigning credit to each RBF based on the contribu-
tion of that RBF to the overall prediction of the network.
As in [56], credit is apportioned among the units within
a network. Unlike [56], where a population of competing
networks is necessary, our apportionment scheme depends
only on competition within a single network. We approach
the niching problem by varying the intensity of competi-
tion among RBFs based on the degree of overlap in the
jobs they perform. Niche creation is implicit [59], [60] in
the sense that there is no explicit calculation of a fitness
sharing function. The remainder of this section further ex-
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Fig. 1. Architecture of the cooperative-competitive genetic model.

Each node in the middle layer represents a radial basis function
(RBF) whose center ¢; and width d; are encoded in generation
Gk by a genetic string ¢;. The activation computed by each
RBF depends on the distance between the input vector x and
the center of that RBF. Each generation G, of the genetic algo-
rithm produces a population of RBFs all belonging to the same
neural network. The neural network produced in each generation
is trained to optimize the set of weights w; which compute the
output of the network as a linear combination of RBF activations.

plains our approach to these two problems.

A. Cooperative - Competitive Genetic Selection

Figure 1 summarizes the architecture of the proposed
cooperative-competitive approach. As in most GAs, the
outer loop of the algorithm is the construction and eval-
uation of successive generations Gy, Gy, ...,Gg,.... The
state of the algorithm in each generation consists of a pop-
ulation of bit strings ¢;, ¢ = 1,...,m, where m is the size
of the population, and each bit string ¢; encodes the cen-
ter ¢; and width d; of one RBF ¢; of equation (1). If the
scalar d; and the coordinates of the vector ¢; € RN™ are
each encoded with £ bits of precision, then one RBF ¢;
can be encoded in a bit string ¢; containing (n + 1)£ bits,
ie. ¢; = bibabs...by...br, by € {0,1}, L = (n + 1)L.
To avoid proliferating notation, the symbol ¢; will repre-
sent both the bit string and the RBF unit it encodes, pro-
vided context makes the referent clear. The details of the
binary encoding are deferred to section IV, since these de-
tails are relevant to the genetic operators of recombination,
mutation, and creep (perturbation of a genetically-encoded
scalar value), discussed in that section, but not relevant to
the present discussion of RBF performance evaluation.

A fitness-based selection procedure is used to generate
the population Ggy41 from the population Gi. The al-
gorithm employs proportionate selection in a fixed-sized
population, meaning that each slot to be filled in Gg41 1s
drawn by sampling from G} with replacement, and with
each encoded RBF ¢; in G having a probability of selec-
tion proportional to its performance. Thus, the individual
RBF performance measure (or RBF fitness, in GA termi-
nology) will specify the expected number of copies of ¢; to
occur in the next generation Ggy1 before these copies are

altered by genetic operators. After filling the slots in Gk 41
with these selected copies, genetic operators of recombina-
tion, creep, and mutation are applied. The performances
of the RBFs in Gg41 are then evaluated in turn, yielding
the sampling probabilities for forming Gg42, and so on.
Before discussing the details of selection, recombination,
creep, and mutation, we consider the central problem of
how to evaluate the performance of each individual RBF
within a population Gy.

Let us therefore assume for the present that we have gen-
erated the population of encoded RBFs ¢;, : = 1,...,m
belonging to generation Gy of the algorithm, and discuss
how this population is to be evaluated. This evaluation
must support a competitive process, in which RBF units
which are better predictors displace those which are worse
predictors. The evaluation must at the same time sup-
port a cooperative process, in which different RBFs in the
population evolve to cooperatively predict the value of the
function f over the domain of f represented by the given
set of training examples.

To consider the role of the fitness measure in the de-
sired cooperative-competitive process, it will be conve-
nient to normalize each RBF unit ¢; to have activations
with a squared sum of 1 over the set of training exam-
ples presented to the RBF network in each generation Gg.
The training set in generation Gy will consist of a set of
pairs, (x;,f(x;)), 7 = 1,...,p, in which each x; € R
is a point in the domain of the function f to be approx-
imated, and f(x;) is the known value of the function at
that point. Successive generations G might always oper-
ate on the same set of training examples, or they might op-
erate on successive samples of some ongoing stochastic pro-
cess. In either case, within a given generation, the normal-
ized version ¢; of each basis function ¢; can be defined as

0i(x) = ¢i(x)/ ?:1 #?(x;), and these normalized RBFs
constitute the network to be trained in that generation.

If the weights w; that form the affine combination wg +
Yoty wid;i(x) are adjusted to minimize the mean-squared
error in approximating f, then the weight w; assigned to
each normalized RBF ¢; would intuitively seem to offer
some indication of the relative contribution of this RBF
to the overall prediction of f. Two obvious candidates for
measuring the performance (fitness) of each RBF are |w;|
and w?. In our pilot experiments, however, GAs employing
these fitness measures (whether the RBFs were normalized
or not) did not evolve RBF networks comparable to those
produced by conventional k-means clustering in terms of
generalization performance.

As a guide in determining a more appropriate RBF
fitness measure, consider the tradeoff between coopera-
tion and competition in the population G in terms of
the inner product (52 - (&i/, where the normalized activa-
tion sequence gzgl is the vector in ?P whose components are
(¢i(x1), di(x2), -+, ¢i(xp)) [7], [49]. Since each ¢; is nor-
malized, ||<;ASZ|| = 1. (In general, any symbol with a hat will
denote a vector in i which has one component per train-
ing example.) Figure 2 depicts the activation sequences of
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Fig. 2. Overlap in functionality of two RBFs ¢; and ¢;; as measured
by the inner product of their normalized activation sequences.
(a) The set of p training examples used to generate the activa-
tion sequences. Each point represents an input vector x; for one
training example. (b, ¢) The tiny squares and tiny circles of
parts b and c overlay this same set of data points. For each data
point, the size of the tiny square around that data point repre-
sents the normalized activation of an RBF ¢;, while the size of
the tiny circle around that data point represents the normalized
activation of another RBF ¢;/. (b) An example in which the in-
ner product of the normalized activation sequences is high. The
high inner product indicates that these two RBFs are attempting
to do nearly the same job, and should therefore compete. (c) An
example in which the inner product of the normalized activation
sequences is low. The low inner product indicates that these two
RBFs are performing different tasks and should therefore coop-
erate rather than compete.

two such RBFs, ¢; and ¢;:. Figure 2a shows the set of data
points x;, 7 = 1,...,p in the domain of the function to be
approximated. Parts b and c of the figure visualize the
normalized RBF activations for each data point. If vectors
qgi and q;i/ are defined with these normalized activations as
their components, then the inner product ngSZ : q;i/ can be
visualized as the unnormalized correlation of sizes between
the set of tiny squares and the corresponding set of tiny
circles.

If the inner product ¢; - ¢; is near 1 (as in Figure 2b),
then ¢; and ¢;/ are both attempting to do nearly the same
job. In this case, they should directly compete in the sense

that selecting one of these RBFs to be in the next gener-
ation should tend to exclude selection of the other. This
exclusivity can be modeled by forcing the ¢; and ¢; to
share fitness; for example, by forcing the fitness assigned
to these two RBFs to sum to a fixed amount. In GA ter-
minology, ¢; and ¢;; would then be sharing a niche [61].

By contrast, if ¢Z (bz/ is near zero (as in Figure 2c), then
the RBFs ¢; and @i are making relatively independent con-
tributions to the overall prediction performed by the RBF
network. In this case, the relationship between the RBFs
should be mainly cooperative rather than competitive. It
would not make sense for ¢; and ¢;» to compete, as they
are performing two different functions, and both must be
performed to successfully approximate f.

It is therefore desirable that RBFs be forced to share fit-
ness to the extent that the inner product of their normal-
ized activation sequences differs from zero. Before looking
at specific fitness functions in this light, it will be useful to
make some observations about the two extreme cases.

At one extreme, RBFs with mutually orthogonal activa-
tion sequences should occupy independent niches, so that
increasing the fitness of any one RBF does not directly
reduce the fitness of any other RBF. The set of RBF acti-
vation sequences {qgl}, t=1,---,m would then form an or-
thonormal basis for the linear combination of RBFs used to
approximate f. In this case, training by any least-squares
method would converge toward an optimal set of weights in
which each weight w; is (;SZ f where f is the vector whose
components are (f(x1), f(x2), -, f(xp)).

At the other extreme, when the inner product of the
activation sequences qgl and q;i/ is 1, then the underlying
RBFs ¢; and ¢;» will be identical and the weights assigned
to them will follow nearly identical trajectories under any
learning rule which treats the RBFs approximately sym-
metrically. (An example of such a rule would be the LMS
rule with weights initially zero.) When the inner product is
-1, without loss of generality the sign of the function com-
puted by one of the RBFs may be inverted and considered
as a case where the inner product is 1.

With these considerations in mind, we need to under-
stand how a given fitness measure will behave in the ex-
treme cases where the inner product qSZ ngZ/ is either 0
or 1, in comparison to the desired behavior. The desired
behavior is that the fitness measure provide independent
niches (yielding pure cooperation) when the inner product
is 0, but niche sharing (yielding pure competition) when
the inner product is 1.

B. Fitness measure wi/E(w})

First, consider w?/E(w?) as the fitness measure for each
RBF ¢;, where E() denotes mean value over all RBFs bir,
i’ = 1,...,m in the population. (The denominator E(w?)
normalizes the fitnesses to sum to m over a population of
size m. The fitness therefore gives the expected number
of copies of ¢; in the next generation.) At one extreme,
as long as the RBF activations remain mutually orthog-
onal, any RBF center could be moved to increase its in-
ner product with f, with no effect on the inner products



with f of other RBFs, and therefore with no effect on the
weights assigned to other RBFs. The only remaining way
such orthogonal RBFs could compete for fitness would be
by affecting the fitness normalizing factor E(w2), but this
normalizing factor will be relatively stable from one gen-
eration to the next, as E(w?) = [|f]|?/m — € where ¢ is
the minimum rms error achieved by least-squares training
of this population of RBFs. Thus, a fitness measure pro-
portional to w? approximates the desired independence of
niches for mutually orthogonal RBF activations.

Unfortunately, this fitness measure overshoots the de-
sired behavior on the other extreme where the inner prod-
uct &Z - qgi/ is 1. Consider a simple example in which the
activations of ¢; are orthogonal to the activations of all
other RBFs in GG, and in which the fitness of ¢; is several
(say, s) times that of the average fitness of all RBFs in Gj.
Let us also assume that the weights w; are determined by
a learning rule in which RBFs are treated symmetrically.
The fitness of the average RBF in Gy will accordingly be
w?/sE(w?). If there is one copy of ¢; in Gy, then by this
definition of fitness there will be s identical copies expected
in Gg41. If only selection is considered, ignoring recombi-
nation, creep, and mutation, then these s copies will still
be there when Ggy1 is trained, and their weights will fol-
low nearly identical trajectories during training. The linear
combination of these s copies will be constrained to pro-
duce the same total weighted sum as that produced by
w;¢;, so each will receive a weight of approximately w;/s,
and a fitness of approximately w?/s*FE(w?), which is only
1/s of the average RBF fitness, producing a total of only
one expected copy in Ggya. The total fitness to be shared
among these copies thus decreases as more RBFs share a
niche, rather than remaining constant as desired. The level
of competition is too high to allow stable niche sharing, and
yields oscillation (see equation 3 below) instead.

C. Fitness measure |w;|/F(Jw;|)

A fitness measure of |w;|/FE(|w;|) would solve this prob-
lem of excessive competition. In the case of s identical
copies discussed above, each copy would now receive a fit-
ness of |w;|/sE(Jwi:|) which is the average RBF fitness in
G. The s copies would sum to the original fitness of ¢;,
and so would be exactly sharing the niche originally occu-
pied by ¢; alone. This level of competition yields a stable
niche with s expected copies in each succeeding generation.
But this fitness measure has trouble on the other extreme.
Since the average population fitness E(|w;|) is not a Eu-
clidean norm in R?, the Pythagorean theorem no longer
forces the sum of the average population fitness and the
mean squared training error to be constant (i.e., ||f||2/m)
as it was in Section ITI-B. Thus the mechanism of Section
ITI-B no longer exists to prevent competition among RBFs
with orthogonal activation sequences. In other words, there
is no longer a mechanism to provide the independent niches
needed evolve cooperative modeling of f.

Fitness measures proportional to both w? and |w;| are
consistent with the basic argument that as |¢; - ¢y in-
creases, the degree of fitness sharing should increase, mov-

ing the relationship between these RBFs from coopera-
tion to competition. On one hand, a fitness measure of
w}/E(w?) is too sensitive to the inner product, starting
with the correct purely cooperative behavior at an inner
product of zero but moving to excessive competition at an
inner product of 1. On the other hand, |w;|/E(|w;]) is
not sensitive enough to the inner product, having the cor-
rect purely competitive behavior when the inner product
is 1, but failing to reduce the competition to pure cooper-
ation when the inner product is zero. Neither fitness mea-
sure would be expected to yield the desired cooperative-
competitive evolutionary behavior, and neither did in pilot
studies.

D. Fitness measure |w;|? | E(|w;/|?)

Once the problem is stated in this way, it makes sense
to consider fitness measures of the form |w;|?/E(|wi|?),
with the idea that a compromise obtained by setting § be-
tween 1 and 2 might yield better results. Such values will
still force too much competition among the copies of an
RBF ¢; whose fitness i1s s times the population average,
but now the resulting oscillation will be damped and will
converge toward a fixed point of s'/? expected copies in
each generation, considering selection alone. This can be
seen most easily by defining y; to be the expected num-
ber of copies of ¢; after k successive generations, in the
absence of other correlated RBFs. For convenience, let
2k = yk/sl/ﬁ. Suppose w; is the weight that would be as-
signed by LMS learning to ¢; if there were no other copies
or significant correlates of ¢; in the population. Then in a
generation k which has y; copies of ¢;, the weight assigned
to each copy will be w;/yg, and the fitness assigned to each
copy will be |w;/yk|?/E(|wi|’) = s/yx”. This fitness per
copy, multiplied by the number of copies in generation &,
gives the expected number of copies in generation k£ + 1:

S
Vet = — Ui, 2
+1 ykﬁ ( )

Rewriting this in terms of zg41 yields zg41 = 2178, To
see the resulting behavior clearly, let up = log(zx), which
gives ugy1 = (1 — fug, or

ug = (1 — /)’)kuo. (3)

Equation 3 makes it clear why values of 3 between 1 and
2 might be desirable. Setting # > 2 produces a diverging
oscillation in the number of copies of ¢;; = 2 produces
a flip-flop; and 1 < 8 < 2 produces a damped oscillation
with up — 0, and g converging to s'/? expected copies
of ¢;. (Setting § = 1 produces a steady state of s copies,
as noted in Section ITI-C, which argued that such values
for B are insufficient to prevent competition among RBFs
filling different niches. This situation can produce highly
fit RBFs, but it cannot force them to distribute themselves
to model all the examples of f, a deficiency which appeared
in visualizations of pilot studies.)

In light of these arguments, a reasonable hypothesis
might be that values of 3 between 1 and 2 are close enough



to the Euclidean norm to facilitate the formation of inde-
pendent cooperating niches by the mechanism of Section
ITI-B, while still providing stable (in the sense of conver-
gence of equation 3) competition within each niche. The
choice of 3 = % was accordingly used in the experiments
reported in Sections V and VI. The expected result is that
fitness sharing, based on the inner product of activation
sequences, should force RBFs away from competing RBFs
with overlapping function, into unfilled niches where there
is less competition [48].

Note that niche sharing based on the inner product of
normalized activation sequences is accomplished without
actually calculating a niche sharing function as in more
explicit niche sharing approaches [58], [62], [63]. The in-
ner product qgl - qASZv is never actually calculated. Rather,
fitness sharing based on this inner product is an automatic
consequence of ordinary LMS learning when normalized
RBFs are used. If ||]‘:||2 is considered to be a “resource”
to be covered, in the sense of [59], then the LMS learning
rule automatically shares this resource among overlapping
RBFs, producing niches and cooperative coverage of the
training examples in a manner analogous to that of recent
genetic classifier systems [59], [64], [65].

IV. GENETIC ENCODING AND OPERATORS

As discussed in Section I1I, each RBF in the population
G, must be specified by a bit string ¢; which encodes the
center ¢; and width d; of the RBF. Before carrying out
this encoding, the training data x;, 7 = 1,...,p in each
generation are scaled to occupy the unit hypercube [0, 1]".
The centers of all RBFs are constrained to fall within this
same unit hypercube.

A. Encoding

The first £ bits of the string ¢; encode the width d; of
the RBF as a binary fraction in [0, 1]. During evaluation
of the genetic string, this binary fraction is rescaled to the
range (0, MAX_UNIT WIDTH], where MAX_UNIT_WIDTHis a pa-
rameter of the algorithm specifying the maximum possible
RBF radius in units of the [0, 1]® hypercube containing the
scaled training data.

The vector ¢; € [0,1]" is encoded in the remaining nf
bits, where £ is the desired precision in bits with which
each coordinate will be represented. A 2"-tree encoding
1s used. Within these nf bits, the first n bits select one
of the 2" smaller hypercubes obtained by bisecting each
dimension of the unit hypercube. The selected hypercube
i1s 1in turn subdivided into 2" smaller hypercubes by the
next n bits, and so on until £ subdivisions have been made.
(In pilot studies, this encoding appeared to lead to better
GA convergence than a conventional encoding of n succes-
sive coordinates, each encoded as an ¢-bit binary fraction,
although the difference in convergence rate between these
two techniques did not appear to be of major significance.)

To summarize, the genetic population at generation k
consists of m bit strings, each of length I = (n+ 1), each
representing the scalar radius of an RBF followed by a 27-
tree encoding of the vector center of that RBF.

B. Genetic Operators

Genetic operators of recombination, creep, and mutation
are employed. The recombination and mutation operators
operate on bits in the genetic string without regard for
the interpretation of these bits as RBF parameters, and
without regard for the boundaries between the encodings
of different parameters. The creep operator decodes the
genetic bit string into real-valued RBF parameters, the pa-
rameter values are perturbed, and the perturbed values are
encoded back into the bit string. After the selection process
described in Section III generates the population G, these
operators are applied to the members of that population.

The recombination operator is 2-point crossover. To re-
combine two strings in Gy, starting and ending crossover
bit positions are selected randomly, and the bits from the
starting position to the ending position (with wraparound)
are exchanged between the two strings. Following typi-
cal GA mating restriction schemes where niching is desired
[58], the probability of crossover decreases with a power
function of the Euclidean distance between the two strings
in [0,1]**!. (Mating restriction was based on Euclidean
distance rather than the inner product of normalized ac-
tivation sequences qgl . ¢?z" because the latter would have
been computationally prohibitive. Unlike the fitness shar-
ing described in Section III, the mating restriction func-
tion must be explicitly calculated.) Probabilities decreas-
ing with various powers of this distance were tried in pilot
studies, and the best results were obtained with a squared
distance relationship. Two strings ¢; and ¢; are recom-
bined only if they are within MAX_CROSSOVER_RADIUS of
each other, in which case the probability of recombination
is min[1, CROSS RATE FACTOR - (1 — d};)] where

5 llei — ;11> + |di — d;]?
ij — : (4)
i = (MAX_CROSSOVER RADIUS)Z

This MAX_CROSSOVER_RADIUS is set to 1 in the first genera-
tion, and decays exponentially as in an annealing schedule,
as discussed by [63]. This radius decays by a factor of
(1 — CROSSOVER RADIUS DECAY) in each generation.

Generation Gg41 is initially formed from Gy by evaluat-
ing the fitness of the strings in Gy as described in Section
ITI. The least fit GEN_PERCENT_REPLACE percentage of the
strings are deleted and replaced by proportional selection
from the surviving strings using the stochastic remainder
algorithm [66]. The strings in G 41 are then placed in ran-
dom order, and each successive pair of strings is considered
for recombination with probability governed by equation
(4).

A creep operator is applied to both strings of any pair
not recombined by crossover. The creep operator is com-
plementary to the crossover operator in this sense in order
to perturb the exact replicas in Gg41 of a highly fit string
Gy, and hence minimize the reproductive oscillations (dis-
cussed in Section ITI-D) caused by these exact replicas.
The creep operator causes the width d; and each com-
ponent of the RBF center ¢; to be perturbed by adding
a random scalar value drawn uniformly from the range
[—CREEP_RANGE/2, +CREEP_RANGE/2].




TABLE 1
GA PARAMETERS FOR TIME SERIES PREDICTION

POPULATION_SIZE (different runs) 25, 50, 75, 100, 125, 150
GEN_PERCENT_REPLACE 0.25
MUTATION_RATE 1/POPULATION_SIZE
CREEP_RANGE 0.3
CROSS_RATE_FACTOR 2.0
MAX_CROSSOVER_RADIUS (initial value) 1.0
CROSSOVER_RADIUS_DECAY 0.001
LEARNING_RATE 0.06/c
TRAINING_QUOTA 3000
TRAINING_QUOTA_INCREMENT 10
MAX_UNIT_WIDTH 0.25

Mutation operates on individual bits of the strings in
Gi41, independently of the recombination and creep op-
erators. Mutations (random bit flips) are scheduled with
a probability of 1/m per bit, so that the total expected
number of mutations in Gg41 will be L = (n + 1), i.e.
one expected mutation for each bit position in the genetic
encoding scheme.

C. RBF Network Training

After applying these genetic operators, the strings in
Gi41 are decoded into the centers and widths of a set of
RBFs, all of which will belong to the same neural network.
This RBF network is trained to approximate the unknown
function f by a training rule which minimizes the rms error
I f —wo > w;;||. The fitness |w;|? /E(|w|?) assigned
to each genetic string ¢; i1s accordingly based on the weight
w; given to the normalized activation sequence of the RBF
encoded by that string.

To keep the total computation reasonable in compari-
son with non-genetic methods, the RBF network at each
generation Gy is trained using the LMS algorithm [14]
for only a few passes through the training data, yield-
ing weights which are only an approximation of the op-
timal weights. The LMS algorithm employs a constant
LEARNING_RATE to update the weights after each training
example. The amount of training allowed at each genera-
tion is expressed as a constraint, TRAINING_QUOTA, on the
product of the number of the RBFs and the number of
passes through the training set. This is done so that dif-
ferent population sizes can be compared while holding the
total amount of LMS training computation constant. The
TRAINING_QUOTA is increased each generation by a constant
TRAINING_QUOTA_INCREMENT to make the fitness evalua-
tion process more accurate as the GA converges to networks
capable of better approximations. Finally, SVD training is
used once at the termination of the GA to more precisely
evaluate the performance of the best network evolved by
that GA. Objective comparisons can then be made with
other RBF placement methods by applying the same SVD
training to networks of RBFs placed by these methods.

V. FEASIBILITY TESTS
A. Time Series Prediction

A time-series prediction problem based on the Mackey-
Glass [67] differential equation

dz(t)
dt

z(t—="T)

=—bz(t) +a (5)

is recognized as a benchmark for comparing the learning
and generalization ability of different neural architectures.
Following previous studies [12], [68], [69], [70], [71], [72], we
generated this time series using the parameters ¢ = 0.2, b
=0.1,and T = 17.

As in the studies cited above, the task for the neural
network is to predict the value of the time series at point
z[t + I] from the earlier points (z[t], z[t — D], z[t — 2D],
z[t —3D]) where the points used to make the prediction are
spaced D = 6 time steps apart, and the point to be pre-
dicted is I = 85 time steps in the future. The justification
for using this task with these parameters is discussed in
[68]. (This is in contrast to tasks with much smaller values
of D and T studied by [73].)

As in most previous work, 500 randomly selected points
in the time series constituted the training data. These
training examples were randomly chosen from points 500
to 4000 of the time series. These training data were used
to train the RBF network arising in each generation of the
GA, using the LMS [14] training rule with a training quota
as described above.

Networks of Gaussian, inverse multiquadric, and thin-
plate spline RBFs were evolved by the cooperative-
competitive GA to approximate this training set. For each
type of RBF, networks were evolved using GA popula-
tion sizes of m = 25, 50, 75, 100, 125, and 150 genetic
strings. As the cooperative-competitive algorithm encodes
one RBF per genetic string, the number of RBF units in
the evolved network is always the same as the population
size of the GA. For each type of RBF, and for each pop-
ulation size given above, eight runs of the GA were made
differing only in the seed initializing the random number



TABLE II
GA PARAMETERS FOR PATTERN CLASSIFICATION

POPULATION_SIZE (different runs) 2,4,6,8, ...,20
GEN_PERCENT_REPLACE 2/POPULATION_SIZE
MUTATION_RATE 1/POPULATION_SIZE
CREEP_RANGE 0.3
CROSS_RATE_FACTOR 2.0
MAX_CROSSOVER_RADIUS (initial value) 1.0
CROSSOVER_RADIUS_DECAY 0.001
LEARNING_RATE 0.02//POPULATION SIZE
TRAINING_QUOTA 3000
TRAINING_QUOTA_INCREMENT 10
MAX_UNIT_WIDTH 0.5

generator, and the results of these eight runs were averaged
to yield the prediction errors reported in Section VI.

The genetic encoding for this problem used ¢ = 8 bits
per scalar value, a value chosen mainly for computational
efficiency. Since the input space has dimension n = 4, each
RBF was encoded in a 40-bit genetic string, 32 bits for the
RBF center and 8 bits for the RBF width. The parameter
values used in the GA are shown in Table T (in which o
is the standard deviation of the activation leading into the
connection being trained).

The quality of the RBF networks produced by the GA
was compared with RBF networks of the same size pro-
duced by k-means clustering [12], the method most com-
monly used to determine RBF centers. The k-means clus-
tering algorithm was that used by [12] for the same task
of predicting the Mackey-Glass time series using Gaussian
RBFs. The RBF unit widths were then determined using
the global first nearest neighbors algorithm used by [12]
for this task. The results reported in Section VI for this
clustering algorithm were consistent with those reported

by [12].

Given a set of m RBF centers and widths evolved by the
GA | the appropriate comparison is with a set of m RBFs
produced by the k-means clustering algorithm above. To
make this comparison objectively, each such set of RBFs
was fit to the training data using singular value decompo-
sition (SVD) to determine the weights of the optimal least-
squares fit using the normalized RBF activations. The SVD
was done in single precision (~ 7 significant digits), and so
any singular value less than 10~7 of the largest singular
value was zeroed. Each RBF network trained in this man-
ner was then tested on a test data set consisting of 500
points in sequence following the end of the training data in
the time series. The results in Section VI report the nor-
malized error on this test data, where normalized error is
the rms prediction error divided by the standard deviation
of the correct prediction.

B. Pattern Classification

In addition to being used for approximating continuous
functions, RBFs can be used for discrete pattern classifi-
cation. The purpose of the RBFs in this case is to con-
struct a high-dimensional basis in which the given classes
are separable, or more nearly so than in their original
low-dimensional basis [8]. The standard TRIS benchmark
[74] contains data for three classifications of iris plants,
each represented by 50 specimens identified by four mea-
surements (sepal length, sepal width, petal length, petal
width).

As in the time series prediction task, RBFs evolved by
the cooperative-competitive GA were compared with those
produced by k-means clustering. Both methods were ap-
plied to the iris classification problem using even-numbered
population sizes ranging from 2 to 20 RBFs. For each pop-
ulation size, eight runs of the GA (differing only in the seed
initializing the random number generator), and eight com-
parable runs of the k-means clustering algorithm (differing
only in which data points were used to initialize the cluster
centers) were made.

For this classification task, the LMS and SVD algorithms
were extended to three outputs to encode the three types
of iris as (1,0,0), (0,1,0), and (0,0,1). As before, LMS train-
ing was used within the evolutionary algorithm. The fitness
function was extended to three outputs by taking the fit-
ness of an RBF ¢; to be max{|wy;|?/E(Jwpir|?)}, h = 1,2,3
where wp; denotes the weight to output node h from RBF
¢; and where § = % as discussed previously.

As before, SVD was used to determine the weights of
the optimal least-squares fit obtainable using RBFs result-
ing from the GA, and using RBFs resulting from k-means
clustering. Finally, to evaluate the classification perfor-
mance of the resulting sets of RBFs, real-valued activations
of three output nodes were converted into discrete classi-
fications. Of the three output nodes, the one with the
highest activation was defined to be the resulting discrete
classification.

For the very small sets of RBFs evolved for this task, re-
placement of 25% of the population at each generation did
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performance of each method, using 25, 50, 75, 100, 125, and 150 RBFs, is measured as the normalized prediction error on test data later
than the training data in the Mackey-Glass time series. For comparison, results of [72] using Gaussian bars (- —A— —) are also shown.

not yield a stable evolutionary process. To ameliorate this,
a “steady-state” GA was used which replaced (and with
specified probability recombined) only two RBFs during
each generation. Also due to the small numbers of RBFs
employed, the maximum RBF width was increased from

!
to 1 of the unit hypercube containing the data. Because

2
of the discrete {0,1}-valued target outputs, the RBFs were
not normalized, and accordingly the LMS learning rate was
based on population size rather than on the standard devi-
ation of normalized RBF activations. In all other respects,
the GA algorithm and its parameter settings (shown in Ta-
ble IT) were the same in this discrete classification task as

in the continuous time series prediction task.

VI. RESULTS AND DISCUSSION
A. Time Series Prediction

Figure 3 compares the normalized prediction error pro-
duced by the cooperative-competitive GA (evolving Gaus-
sian, inverse multiquadric, and thin-plate spline RBFs)
with that produced by k-means clustering.

Recall that in all cases the same SVD algorithm is used
to obtain the best least-squares fit to the training data.
The resulting least-squares fit is then used to predict the

test data. What varies in Figure 3 is that a different set
of RBFs is used to make the fit in each case. The quality
of sets of RBFs evolved by the cooperative-competitive al-
gorithm is therefore compared with the quality of sets of
RBFs produced by k-means clustering. The results of [72]
using non-radially-symmetric Gaussian bars are also shown
for comparison.

The main result is that the cooperative-competitive ge-
netic algorithm appears to evolve sets of Gaussian RBFs
which are superior to those produced by the k-means
method for this time-series prediction task. The gap be-
tween the two on the log plots translates into a prediction
error for the evolved Gaussians that is roughly % to % the
prediction error of the corresponding set of Gaussians pro-
duced by clustering.

An additional result is that the cooperative-competitive
algorithm is feasible for all three types of RBFs inves-
tigated, although for inverse multiquadric and thin-plate
spline RBFs, adding more than 100 units does not appear
to improve prediction performance as much as 1t does for
Gaussians. In particular, performance worsens when the
number of inverse multiquadric RBFs increases from 125
to 150. This appears to be due to overfitting the data, be-
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the cooperative-competitive genetic algorithm (—) in compari-
son with k-means clustering (— - —), using 100 Gaussian RBF's in
both cases. SVD training of the best network produced by each
algorithm is shown by a *.

Fig. 5. Locations of the training examples x;, 7 = 1,...,500 in the
Mackey-Glass time-series prediction problem. The cube repre-
sents a 3-dimensional projection of the 4-dimensional input space.
The location of each training example within this cube is shown
as a tiny tetrahedron, in order to be distinguishable from the
spheres of various sizes which represent RBF's in Figure 6.
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cause the error on the training data (not shown in the fig-
ure) decreases smoothly and monotonically as more RBFs
are added.

Figure 4 compares the computational effort required by
the genetic algorithm with that required by k-means clus-
tering. The k-means algorithm typically employs a prede-
termined schedule of decreasing step size, and it is not fair
to judge its performance when this schedule is only partly
completed. Accordingly, the k-means training errors were
obtained by varying the rate of decrease in the training
schedule, allowing each schedule to run to completion. In
accordance with [13], the step size (learning rate) began at
0.1 and decreased linearly to 0 in all cases. All values plot-
ted for the k-means method are the result of SVD training.
The figure shows LMS training within each generation of
the GA, as well as SVD training of the best generation.

Figure 4 shows that the genetic algorithm’s training error
falls below that of k-means clustering after about 4 min-
utes of CPU time, and continues to decrease thereafter.
72 RBF networks were evaluated in these 4 minutes. This
initial training performance depends on the fact that the
cooperative-competitive algorithm evaluates only one net-
work per generation, rather than a whole population of
competing networks. It may also result from competition
for fitness based implicitly on the inner product of acti-
vation sequences. As Section III-D argues, this competi-
tion should push RBFs away from each other (in terms of
their activation sequences) so as to efficiently fill the niches
needed to cover ||f||2 Note that in normalized units, any
network’s coverage of ||]‘:||2 is simply 1 — ¢2, where ¢ is the
normalized error shown in Figures 3 and 4. Figure 4, as
well as visualizations of RBF placement after each genera-
tion, support the expectation that this coverage is achieved
rapidly, even when the initial random distribution of cen-
ters 1s much more dispersed than that of k-means clus-
tering. After all the relevant niches are populated by the
cooperative-competitive algorithm, the subsequent compu-
tation might be speeded up by switching to gradient de-
scent for “fine tuning” the RBF locations within each niche
[37], [54].

The evolutionary algorithm may achieve better predic-
tion performance than k-means clustering partly because
the evolutionary algorithm is free to select RBF locations
outside the convex hull of the training data. K-means clus-
tering, by contrast, places RBF centers within this convex
hull, which may not be optimal [5]. Figures 5 and 6 show
that the evolutionary algorithm does indeed select many
RBF centers outside the convex hull of the training data.
For all three types of RBFs, especially the Gaussians (Fig.
6a) and thin-plate-splines (Fig. 6b), a large portion of the
evolved RBF centers lie outside the training data. This
observation supports the suggestion [5] that the globally
optimal set of RBF centers does not necessarily lie within
the convex hull of the training data.

B. Pattern Classification

Figure 7 compares the classification performance of
Gaussian RBF's evolved by the cooperative-competitive GA



with that of Gaussian RBFs produced by k-means cluster-
ing. For this discrete classification task, the advantage of
the GA is not as clear-cut as in the continuous time-series
prediction task. For population sizes ranging from 4 to 10
units, RBFs evolved by the GA result in fewer misclassifi-
cations than RBFs produced by clustering.

One might speculate that the use of the LMS algorithm
by the GA is less appropriate for this discrete task than for
the continuous time series prediction task. Fitness evalu-
ation based on the LMS algorithm would be expected to
evolve a set of RBFs to approximate the target outputs
of (1,0,0), (0,1,0), and (0,0,1) uniformly over the range of
the data, when in fact only the boundaries between classes
are important for correct classification. For discrete classi-
fication tasks, it might therefore be appropriate to derive
a different fitness evaluation method based on supervised
learning techniques such as Learning Vector Quantization
[13] which are designed to learn class boundaries.

C. Concluding Remarks

While the results presented above are limited to radial
basis functions, the same methods might be applied to non-
radially-symmetric basis functions. Scalar basis functions,
for example, are potentially more efficient than RBFs in
covering input spaces of high dimensionality [72]. Neural
algorithms which successively add scalar units along di-
mensions where the error reduction would be greatest [75]
might be extendible into a niche-based fitness evaluation
mechanism.

Approximation methods employing basis functions [76],
[53] have obtained good results by including linear terms
in addition to the given non-linear basis functions. Use of
such a technique in a cooperative-competitive GA would
require a fitness evaluation of basis functions which takes

11

Fig. 6. Centers and widths of RBFs evolved by the cooperative-
competitive algorithm. The three plots shown in parts a, b, and
c each represent the best network evolved by the algorithm using
(a) Gaussian RBFs, (b) thin-plate-spline RBFs, and (c) inverse
multiquadric RBFs, for a population size of 50 RBF's in each case.
The projection of the input space and locations of the training
data are the same as shown in Figure 5. The location of each
RBF ¢; is represented by a sphere whose center is the center c;
of the RBF, and whose radius is (a) %di, (b) édi, or (c) d;
(the fractions of d; being chosen to avoid clutter in each display).
Note that for the Gaussian and thin-plate spline RBFs shown in
parts a and b, a large portion of the RBF centers lie outside the
convex hull of the training data.
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Fig. 7. Classification performance of sets of Gaussian RBFs (—x—)
evolved by the cooperative-competitive genetic algorithm, in
comparison with those placed by k-means clustering (—-—A—-—).
The performance of each method, using 2, 4, 6, 8, ..., 20 RBFs,
is measured as the number of misclassified specimens, where dis-
crete classifications are derived from continuously-valued outputs
of affine combinations of RBF's as described in Section V-B.

into account the contribution of the linear terms. An ap-
proach to basis function normalization derived from Taylor
expansions around RBF centers [76] might be useful in de-
riving such a fitness evaluation.

In conclusion, it 1s feasible to evolve an RBF network
by genetically selecting individual RBFs, based on their
individual contribution to the performance of the network
as a whole. To simultaneously evolve a complete set of
RBFs within a single genetic population, a fitness function
must be devised which promotes competition or coopera-
tion among RBFs depending on the degree of overlap in the
contribution they make to the overall job of approximating
the function represented by the training examples. The
appropriate blend of cooperation and competition can be
provided by niche sharing. A fitness function of the form
|w;|? / E(Jwis|?) where 1 < 8 < 2 approximates the desired
form of niche sharing without the need to explicitly cal-
culate a niche sharing function for every pair of RBFs in
every generation. The feasibility of evolving an RBF net-
work in this manner has been demonstrated on a standard
time-series prediction benchmark and a standard pattern
classification task. The results appear promising enough to
merit further theoretical study of the niche sharing mech-
anism, and further experimental study of the performance
of the algorithm on other types of problems.
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