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Abstract

On noncommutative spaces, integrable hierarchies of hydrodynamic type systems (15t—order quasi-
linear PDE’s) do not, in general, exist. An infinite-component exception to this general observation

is analysed in detail.

1 Introduction

Systems of hydrodynamic type, in one space dimension, have the form

ou; o Ou;
- Tt =
J

The Euler equations of ideal fluids and plasmas are of this form (in any dimension; see,
e.g. [7]); the Benney equations [1]

Amt = An—‘rl,x + nAn—lAO,za ne ZZO? (12)

which are the quasiclassical limit [10] of the 2"¢ flow in the KP hierarchy, are of this form;
and the list goes on and on (see, e.g., [3, 4, 11, 12, 13].) In short, these are ubiquitous
systems.

Viewed as zero-dispersion limits of more general dispersive dynamical systems, they
are clearly a purely commutative phenomenon: in the noncommutative realm, there are
almost always non-derivative terms present (such as commutators) which preclude the
passage to the zero-dispersion limit. The typical example is the DWW (Dispersive Water
Waves) system from [9, Ch. 2,3]:

1
agt = —iag + agap + ay + [ao, a1], (1.3a)

1
ait = 500/1/ + (apar)’, (1.3b)

where (-) = (+),, stands for the z-derivative of (-). Only in the commutative case, when the
commutator [ag, ai] in the equation (1.3a) drops out, can one pass to the zero-dispersion
limit and recover the classical long wave system

up = Uty + hg, (1.4a)
hy = (uh),, (1.4b)
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with w = ag, h = aj. The hydrodynamical type system (1.4) doesn’t have a noncommu-
tative analog which remains of hydrodynamic type. The same conclusion applies to the
Benney system: the full noncommutative KP flow #2 has the form [9, Ch. 1]

1
Ao =g AD + AL - 3 (_l)k(Z) AP & AgA,, n € Zso, (1.5)
i+k=n

with (-)) standing for 9*(-), 8 = /0.

In general, one shouldn’t expect hydrodynamical systems to exist in the noncommuta-
tive world. Nevertheless, there are at least two exceptions known.

The 1%¢ one is the Svinolupov KdV hierarchy with the values in a Jordan algebra [16,
17], with the first nontrivial flow of the form

Up = Upge + O6U O Uy (1.6)

here u takes values in an arbitrary fixed Jordan algebra A with multiplication o. The
zero-dispersion limit of the equation (1.6),

up = 6u o uy (1.7)

is of hydrodynamic type, and the whole hierarchy is as well (see [14, 15]). When the
Jordan algebra A comes out of an associative algebra, the equation (1.7) reduces to

ug = const(u?), (1.8)
and all the higher flows have the form
up = constp(u”)y, nE Z>1. (1.9)

The 2" exceptional system is the noncommutative Burgers hierarchy with the values
in an arbitrary associative algebra [8; 9, §2.5], with the first nontrivial flow of the form

Ut = Ugg + 2Uly. (1.10)
The zero-dispersion limit of this equation is

ug = constuug, const =2, (1.11)
and the whole commuting hierarchy has the form

up = constpu™uy. (1.12)

Both of the exceptional hydrodynamic hierarchies discussed above operate with a single
scalar field, u. One might tentatively conclude that scalarity to be essential for the exis-
tence of noncommutative integrable hydrodynamic hierarchies. Fortunately, the scalarity
is a historical accident.

Consider the infinite-component system

An,t = An+1,:p + bAnAO@«, n e Zzo, (113)
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where b is a fixed constant commuting with everything, and all the variables are noncom-
mutative but associative, like in [9]. It is shown below that the system (1.13) is integrable:
it has an infinite number of mutually commuting higher flows (§2), all of them having a
common infinite set of conserved densities (§3), and all of them of hydrodynamical type
(§2). This hierarchy, in the general commutative form

An = An-{—l,ac + (an + b)AnA(),x + CA()An,;C, n e 2207 (1.14)

was introduced in [6]. It is the lift into the moments space

h
Ap(z,t) :/ u(z,y,t)dy, n € Zso, (1.15)
0

of the 2-dimensional free-surface hydrodynamical system

y
U = Uy + auhy + chu, — uy/ dy(uy + bhy), (1.16a)
0
h
b
hy = (/ udy + ;rchQ)x, (1.16b)
0

where u = u(z,y,t) and h = h(z,t). When u is y-independent, u, = 0, the system (1.16)
becomes (for the case of interest, a = ¢ = 0):

Up = Ulyg, (1.17a)

he = (uh + gfﬂ)x. (1.17b)
Therefore, the map (1.15),

Ap = hu", n€ Zso, (1.18)

maps the 2-component system (1.17) into the infinite-component system (1.19) (with a =
c=0).

No free-surface interpretation of the type (1.16) is available in the noncommutative case;
nevertheless, the reduction (1.18) not only survives but, in contrast to the framework of
Lax representations (see [9, Ch. 14]), has two different versions:

A, =u"h,

U = Uz,

ht = (uh)y + hhy, (1.19)
and

A, = hu,

U = uty + [u, hyl,
he = (hu)y + hhy, (1.20)
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with the constant b being scaled away into b = 1. These reduction formulae, generalized to
the whole commuting hierarchy, are proved in §4. Interpreting these reductions leads, in §5
and §6, into the construction of two modified hierarchies. A single-component reduction,
A = (—1)kA’8+1, is proven in §7 to work for the whole hierarchy.

Studying generalized symmetries of the heat equation, Bluman and Cole arrived at the
following system [2, p. 1041]:

—%At _ O, 4 AA, — %Am, (1.21a)
1 1

Lo —eoa, e 1.21
JCi=CA, — O (1.21b)

Subsequently, Harrison and Estabrook [5] gave another derivation of the system (1.21);
more recently, this system was studied by Webb [18]. The system (1.21) doesn’t appear to
be integrable, although a proof of nonintegrability is still lacking. However, the quasiclas-
sical limit of this system is certainly integrable, for (with —%Gt replaced by ;) it is nothing
but our system (1.13) in its commutative version, with b = 1, with all the variables A,
for n > 1 set to zero; and with the remaining variables Ay and A; renamed by A and C,
respectively.

2 Construction Of Higher Flows
The rescaling

Ay — b"A,, O — b0, (2.1)
makes b # 0 into b = 1 in the system (1.13):

Xo(Ay) = Ay = Al + ApA), n € Zso. (2.2)
This is the 2" flow of our hierarchy, the 15 one being

X1(An) = Al,, neZs. (2.3)
Thus

Xy = MXy, (2.4)
where, for any evolutionary derivation X = X,

X =X(A), (2.5)

and

7

M] = 5g+1 + 56Ui7 1,J € ZZOa (26)

vi = La,; (2.7)
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where L ¢ and Rf denote the operators of left and right multiplication:

A A~

fg="Lg(g) = Ry(f). (2.8)
The higher flows are constructed by the formula
X1 =MEX,), LeZs. (2.9)

To make it more explicit, we consider the matrix M (2.6) where the v;’s are considered
as arbitrary free noncommuting but associative variables.
Proposition 2.10. For L € Z>1,

L-1 L—1-s
(M =61+ 60 > vivp1-e ki = (2.11a)
s=0 k=0
) L—-1 ) s
=0l D 8 D> Vits—ibr, (2.11b)
s=0 r=0

where the polynomials &;’s are defined by the rule:
L1
Eo=1; E,=) Ewr s LEZx. (2.12)
s=0
Proof. Formulae (2.11) are true for L = 1. Induction on L gives:

(ML+1)j _ Z(ML)QCM] —

= 2{51+L + Z 51]'3—1—svi+8—r5r}{5£+1 + 56”’6} =

0<r<s<L-1
= 5z‘+L+1 + Z 51_5Ui+sfr5r + (2.13a)
0<r<s<L-1
+ 56{Ui+L + Z Ui—s—rg’rfULflfs}- (213b)
0<r<s<L-1

On the other hand, formula (2.11b) predicts that

(MIN] = 6]+ Z% Szvm k& (2.14)

Comparing formulae (2.13) and (2.14), we see that they agree provided their 5g—terms do:

?
Vitr + Z Vits—rEVL_1-5 = ZUHL*kEk. (2.15)

0<r<s<L-1
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This is so, provided
?
Z Evp1os = Ep g, (216)
s—r==k

which is formula (2.12) B
We next show that all the higher flows commute with the flow X2 (2.2). Since the
matrix M (2.6,7) acts as a genuine recursion operator, we need to check that

where D(-) is the Fréchet derivative of (-).
From formula (2.2),

D(X2)] = 61,0+ 6] Ry +6)La,0. (2.18)
Therefore

[D(X2), MJ] =Y {D(X2)f M), — MED(X,5)]} =
k
= {610+ 0F Ry + 66 LA, 04{0],, + 0 La,} —
k
= {0k 406 La, 0,10+ 6L Ry + 03LA,0} =
k

=07 50+ 0], Ray + 0]La,0+ 63(0La,,, + RayLa, + La,0La,) —

—{67,50 + 61 Ry + 8L a0+ La, (510 + 6} Ry + 6 La,0)} =

= 56(1314;+1 + I:Aii,%) = 56£A;+1+AiA6 =& Lx,a,) =

= Xo(6)La,) = Xo(M]) = Xo(M)]. (2.19)

(2

Remark 2.20 Applying the anti-involution which acts identically on the A,’s, we could
as well work with all our formulae mirror-inverted. Thus, the flow X5 (2.2) would be of
the form

XQ(An) = A;LJrl + A6An; n e ZZO. (2.21)
What would happen if we consider a mizture of both forms, such as
Xo(Ap) = Ay | + aAp Ay + BAGAL? (2.22)

As will be seen in §§3,4, this mixture still has an infinite number of conserved densities
and two hydrodynamical reductions. Nevertheless, the calculation similar to (2.19) shows
that the higher flows do not commute with X5 unless a8 = 0.

We next show that all the higher flows commute between themselves. The usual com-
mutative arguments from the theory of recursion operators show that this conclusion (for
any recursion operator M) amounts to the identity

—

MZ(MY) — MY (MZ) = M(Z(M)Y — Y (M)Z), (2.23)
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for any pair of A-independent evolutionary vector fields Y and Z. Now, for the case at
hand,

ZMY =8 Ly = (2.24a)
(ZM)Y )= > Z(M)Y; = ZpYy = (2.24D)
J
(Z(M)YY =Y (M)Z), = ZiYo — ViZo = (2.24c¢)
{(MEZM)Y =Y (M)Z)}i =Y ME(ZYo - YiZo) =
k
= (Zi+1Yo — Yit120) + Ai(ZoYo — Yo 2p). (2.24e)
On the other hand,
(MZ)s = ZMgZé = Zst1+ AsZo = (2.25a)
¢
(MZ(MY)); = MZ(Yip1 + AiYo) = MZ(A)Y, =
= (M2Z)iYo = (Ziy1 + AiZp)Yo = (2.25b)
{MZ(MY) = MY (M2Z)}; = (Zisa + AiZo)Yo — (Vi1 + AiYo) Zo =
= (Zix1Yo — Yiy12o) + Ai(ZoYo — YoZo), (2.25¢)

and this is the same expression as (2.24e). Thus, formula (2.23) is verified.

3 Constructions Of Integrals Of Motion

By formulae (2.9,11,7),

L—1L—1—s
Xpp1(Ag) = Ajyp + Z Z Aiyr-1-s-kEp AL, i€ Zxo. (3.1)
s=0 k=0

From now on, we treat the variables v;’s in formula (2.7) not as L A,’s but simply as A;’s,
since the &’s always act to the right (see formula (2.12).)

Set
A(z) = f: 2L A, (3.2)
fz) = 1_—0 A(2), (3-3)
E(z) = 2 2, (3.4)
C(z) = i g Al = i NCy. (3.5)

=0 N=0

Proposition 3.6.

L-1
X () =+ 1Y A (3.7)

J=0
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Proof. We have, by formulae (3.1-3):

X () = -2 Z 21X Z AELAL L (3.8a)
1=0

L—1L—-1-s
s=0 k=0

The part (3.8a) is:

D AT AL Lk E AL (3.8b)
i=0

L—-1
ST AA = Y A (3.9)
=0

jzL

The part (3.8b) can be transformed as:

L—2—s—k
- Z Zs+k+l(z Zj+1Aj _ Z Zj+1Aj)5kA; _
s+k<L-1 Jj=0 J=0
L—2—s—k

_ Z Zs+k+1(_f +1— Z ZjJrlAj)gkA; _

s+k<L—1 =0

L—2—s—k

=f Y fHlgAl— N 2 I- Y TApEAL (3.10)

sHk<L—1 stk<L—1 j=0

The 1! summands in the expressions (3.9) and (3.10) combine into the RHS of formula
(3.7). To show that the 2"¢ summands cancel out, we need to verify that

2 L—-1-s L—2—s—k
ZS+1 : Z z5+]€+1 Z Z]+1A (311)
k=0 7=0

This can be rewritten as

r—1—k r r—1—k

? T
= Zz Z ZTLANE szé’k—zz Z 21T AE,, (3.12)
k=0 j=0 k=0 j=0
which amounts to
Eo=1 Epp= Y AE. (3.13)
i+j=L

This is not our definition (2.12), but it is equivalent to it, since both amount to the same
identity:

E(z)=(1—=20x)"Y V()= Zzivi, (3.14)
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one written as

E(z) —2V(2)€(2) =1, (3.15a)
and another written as

E(z)—zE2)V(z)=1. 1 (3.15D)
Thus,

L-1
FX () =221+ P, (3.16)
§=0
Let us write
)]

G =0 (3.17)
when G belongs to the additive subspace of commutators.
Proposition 3.18. For any derivation X,

[’} —1

X(tnf) = X (3.19)
Proof. This formula applies to any f of the form

f=14F(), F(z)=0(), (3.20)
so that the series

(_1)n—1
Inf = - F" .
nf=) ~— —F (3.21)
n>1

is well defined. Now,

X(tnf) =X ( 1)n_1pn) = i ()i > FX(F)F

n o
n>1 n=1 i+j=n—1
[’] G (_1)71—1 i - n—1pm—1 -1
=Y Y FFX(F) =) (-)"FTIX(F) =1+ F)'X(F) =
n=1 " i+j=n—1 n=1
=f1X(fH) m (3.22)
Let us write
G=0 (3.23)

when G is “trivial” in the noncommutative sense, that is, G belongs to the additive
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subspace of I'm(9d) and commutators (see [9].)
Proposition 3.24.

Cn =0, NGZZO.

Proof. We show that

C(z) = 0.

By formulae (3.5,4,2,14),

Clz)=E(x)z " A(2) =2 11— A) A =271 ) AU,

n>0

and

; 1 !
G"G' [_—] (WG”“), V/EAN |

Formula (3.16) can now be rewritten as
XL+1 (€nf) =~ 0.
Thus,
1 [e.9]
_ — 1— — - n _ n—i—lHn _
Inf = —In(1 — A(z)) ; ~A(2) nzoz H(z)

is the generating series of integrals for our hierarchy.
Had we started with the mixed form (2.22),

Xo(Ap) = Ay + adn Ay + BAGA,, a+ (=1,
we would have:

Xo(f) =271 +af Ay + BAS =

L]

FIXo(f) =21 + oAy + BFTTAV = 2N+ A,

since

A Q FI71 AL = A

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Thus, the series (3.30) serves as the series of integrals also for the mixed system (3.31).

Remark 3.34.. By formulae (3.27,2,3),

2C(z) = 1

(3.35)
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Therefore, by formulae (3.30,16):

ZZnHXLH(Hn):XLH(*ﬁnf) ;] - - ZZJZC Q
n=0
l By T H, =Y T H, = (3.36)
n>L n=0
B
Xp(Hn) = Hpyp (3.37)

Thus, modulo commutators, the fluxes are themselves integrals.
Still more can be said about the integrals H,,’s. Formula (2.23) implies that formula
(2.17) is true for all the flows:

Xm(M) = [D(X ), M], m€Zs. (3.38)

Therefore {Tr(M"™),n € Z>1} are integrals for all the flows.
Proposition 3.39.

[}

H, = Tr(M”“), n € Zso. (3.40)

n+1
Proof. By formula (2.11a),

L-1L—1-s L-1 L-1
Tr(MF) = Z Z Ap_1-k&r = Z(L — k)AL 1 & = Z(T + 1A EL—1-.
5=0 k=0 k=0 r=0
(3.41)
Hence
n+1 n+1
Zz r(M ;n+12r+1Aé’nr = (3.42)
=D ") (DAL, = AL =A(1- A (3.43)
On the other hand, by formula (3.30),
ﬁ(i 2T, Z —A") 4y )~ A (3.44)
92 n=0 = n:l - .

and this is the same as (3.43) W

Now, denote by 0 H,, /0 A the column-vector of (noncommutative) variational derivatives
of the Hamiltonian H,,:

0H,, 0H, ,
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The commutative theory suggests the formula

5}In—&-l - 1 6Hn
s _ (0, o0

where, by formula (2.6),

(MD] = (M = (814 +05La,)t =011 + 60 Rs (3.47)

A
Proposition 3.48.
0Hp 41 0H,

= nA .4
§Ay e SA;T (3.49)

SH,.1  OH,

A = TA (3.50)

Proof. Formulae (3.50) are equivalent to the relation
0H, 6H,
§A; 64y’

and then formula (3.49) can be rewritten as

5Hn+1 n i
Ao Z i A, (3.52)

(3.51)

By formula (3.30),

= d(A)(l - A)— =) Ml -A47" = (3.53)
k>0

A =31 S gaaa =Y daan! =

n.
n>1  i+j=n—1 n>1

3\*—‘

LU A1 A=k 1 - AT =R (3.54)
6 AL

which proves formula (3.51).
Next, formula (3.53) implies that

H)A:Zl > Ald(A AJA—d ZA”—

n. o
n>1  i+j=n—1

A)(i A 1) i d(H) —d(A) = (3.55)

5H 0H,,
Z n+1 Z j+1A _ Z m+1 s =
n>0 64y m>0 34y
0H, 0H 11
A — .
Z 5Ay 04y (3.56)

n+j=m
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and this is formula (3.49) W
The first few vectors 0H,/J A are:
0Hy 1
Ao
0Hy
A= 1 ’ (3.57Db)
0
A% + Aq
0Hy Ag
0
A3+ A1Ag + AgA;r + A
A2+ Ay
0Hj3 0
SA - Ag (3.57d)
1
0
Formulae (2.12) and (3.52) show that
0H,
L =E, Z>. 3.58
7 , 1€ Zxo (3.58)
4 Hydrodynamical Reductions
In this Section we verify that every flow in our hierarchy allows the two reductions
A, = u”h, nc Z207 (4.1L)
A, = hu", n e Zzo. (4.1R)
We first dispose of the mixed flow
A, = Al + oA Ay + BAGA,, 1€ Zso. (4.2)
If
i =u'u+ B[W,u], h=(uh) +ahh' + 3h'h, (4.3)
then
(u"h) = Z u'tiud b+ uh = Z u' (u'u 4 Bhu — Bub/Yuh +
i+j=n—1 i+j=n—1

+u[(uh)" + ahh’ + BR'A] = (u") uh + B(R'u"™ — u"h')h + u" (uh) +
+au™hh! + Buh'h = (W TLh) + au™hh + BR'u™h.

(4.4)
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Similarly, if
i = uu' + afu, B, h= (hu) + ahh’ + 3h'h, (4.5)

then

(hu") = hu"+ )" hutiad = [(hu) + ahl' + Bh'hlu™ +

i+j=n—1
+h Z ur 4 a(uh! — Wu)u? = (hu)'u™ + ahh'u™ + B hu™ +
i+j=n—1
+hu(u™) + ha(u™h' — B'u™) = (hu"™') + BW hu" + ahu™l . (4.6)

For the general flow X, we proceed by induction on L. Formula (2.9), in the form

X1 =MXy, (4.7)
yields
Xpp1(A) = (Xpqa)i = > MUXL); =D (61, + G A)XL(A)) =
J J
= X1(Aiy1) + Ai X1 (Ao). (4.8)

Therefore, for the case of the left representation,

i1 — uA;) = Xpy1(Aiv1) — uXpa(Ai) — Xppa(u)di =
Aiy2) + Ait1 X1 (Ao) — u{XL(Ait1) + AiXL(Ao)} — Xpr(u)A; =
= X1 (Aig2 —udipr) + Xp(w)Aipr + (Aip1 — v X (Ao) — Xy (w)A; =
= X1(Aiy2 —udit1) + (Aig1 —uA) X1 (Ao) + XL(U)(AH_l —ud;) +
HX(w)u — Xppa(u)}bAs. (4.9)
Thus, if the flow X, is left-reducible, then so is X1, provided
Xrp41(u) = Xp(u)u. (4.10)

But the flow X;:

X141

(A
(
(A
(A

Xi1(4,) = Al (4.11)
is obviously left-reducible:
Xi(u) =4/, Xi(h)="H. (4.12)
The right-reduction case is almost as simple. We have:

Xr+1(Aipr — Aju) = X1 (Ai) — X (Ai)u — Ai X (u) =

= X1 (Aiyo) + A1 X1 (Ag) — { X1 (Ait1) + AiXp(Ao)u — A X1 (u) =

= X1 (Aig2 — Aigiu) + A X (uw) + (Aipr — Aju) X1 (Ao) + Aifu, X1.(Ao)] —
—AiX1+1(u), (4.13)
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and

Ai+1XL(U) + A; [u, XL(AQ)] — AiXLJrl(u) = (Ai—i-l — AlU)XL(U) +
+Ai {UXL (U) + [u, XL(A())] - XL+1 (u)} (4.14)

Thus, if the flow X7, is right-reducible, then so is X741, provided
Xrp+1(u) = uXp(u) + [u, Xp(h)]. (4.15)

The quantity Xy41(h) can be derived directly from formula (4.8) for i = 0. For the
right-reduction case,

A

Xr1(h) = X1 (hu) + hX1(h) = hXL(u) + (Ry + L) X1 (h), (4.16)
and for the left-reduction case,

Xri1(h) = Xp(uh) + hXp(h) = R X1 (uw) + (u+ k) X1 (h). (4.17)

5 The Modified Hierarchies

What is the meaning of the hydrodynamical reductions (4.1)?7 And why do they exist?
The complete answer is unknown. We may argue as follows.
For the case of the left reduction {4, = u™h},

Alz) =) 2 A = (1 —uz) ' 2h. (5.1)

Thus, the series A(z) has a pole, of 1% order. In the commutative case, we can impose
the more general condition on A(z) of having a pole of order N + 1:

N
Alz) = (1 —uz) F 1, (5.2)

k=0

As we shall see below, the noncommutativity forces N to be either 0 or co. The resulting
left representation,

n
A, = Z <k> ukhn_k n e Zzo, (5.3)
k>0

amounts to the construction of the left-modified hierarchy.
Similar N = 0 or co effect is shown below to operate for the case of the right reduction:

N

A(z) = szﬂhk(l —uz) L (5.4)
k=0

A=Y <Z> hnoit®, 0 € Zsg. (5.5)

k>0
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The corresponding right-modified hierarchy, as formula (4.15) indicates, is considerably
more complicated than the left-modified one; its integrability is proved in §6.
We start with the left-reduced case first. Since the formulae (5.3) can be inverted:

By = f: (Z) (—1)%u® Ap_s, (5.6)

s=0

the modified hierarchy is isomorphic to our original hierarchy supplemented with one extra
field u governed by the evolution (4.10):

Xr(u) =vu?t, L eZs. (5.7)

This is entirely similar to the Lax case mK P ~m+ KP [9, Ch. 6].
Proposition 5.8.

n—1

Xo(hn) = By + hohly + (n+ 1)t by + ubl, +Z< >[(—adu)s(u’)]hns. (5.9)

+1
Corollary 5.10. The constrain
{hi=0, i>N+1} (5.10)

is possible only when N = 0: the last summand in formula (5.9) involves h; no matter
what n > 2 is.
Proof of formula (5.9). Since X3(u) = v'u, we find:

Xo(u') = (ut) u. (5.11)
Therefore, the LHS of formula (5.9) is

Xolha) = Xo(3 (7)-viuiang -

; i
=0
=3 (-1) (?) {(uYudpi +u' Al +u' Ay ALY (5.12)
=0
The RHS of formula (5.9), in the form
Ry + Bl + ) + Z < > d)® ()] s, (5.13)

is transformed into:

n+1 n+1 ‘ ' ‘

S (") Ay ]+ (5.14)
=0~/

+Z ( >u A Ay + (WY Ay + AL ]+ (5.15)

+Z<Szl)(— i( ) DFuf Ao (5.16)

s>0 =0
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The 2" sum in (5.14) plus the 3" one in (5.15), equal to the 2"¢ one in (5.12).

The 3" sum in (5.12) equals to the 1! one in (5.15).
The remaining sums: the 1% ones in (5.12) and (5.14), the 2"¢ one in (5.15), and the

full (5.16), amount to the following identity in front of A, _,:

(M) erye 2 o (U ey o (M) ey +
v ;O<—1>’" () () ey, (5.17)
Since
(E)C)-0)0 o150
(1) (et
dividing (5.17) by (=1)" ("), we get:
(u") u+ %(wl)' ! ZO Z; f (Z) [(ady)*](w)]u" " (5.19)
This is a polynomial in n, of degree =1, so the equality (5.19) is equivalent to a pair of
identities
A Z:; (0 ey, 5.20)
@ty 232 () (5.21)

We handle the identity (5.20) first. It’s linear in «/, and Ker(ad,) = {0} on linear in

u’ polynomials; hence, (5.20) is equivalent to

r+1y/ 2 r s+1(,,/ r—s
(r+1)! ~ (s + 1)! (r—s)!
du S(a) o)t r+1
= Z (a)‘(u)l_tl—u/ul'. (5.22)
it s! 7! (r+1)!
Formula (5.22) makes sense also for r = —1
(5.23)

T
%

adu((“r)/) Loy bSO

r!
s+i=r

Passing to the generating functions, we get:
(5.24)

?
adu((euz)/) : ezadu (ul)euz _ uleuz‘
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But
ady,((e"*)) = [e“*,u/]. (5.25)
Indeed,
adu (")) = adu(; (Z,_Z:;Tl)!uiuluj) _
i+j+1 ) ) ] ) i+1 J+1 .
= ey — e, (5.26)
Hence, formula (5.24) is equivalent to
eFu'e "* z e (yf), (5.27)
which is true, being the standard formula
Adegp(uz) = exp(zady). (5.28)
The identity (5.21) is next. Rewrite it as
u ? Zr: <Z> [(ady)®(u)|u"* < (5.29a)
5=0
%u’ S (adus)' () (T“T_;! & (5.29b)
e u’ i e (/)" & (5.29¢)
eule v ; e (), (5.29d)

and this is the same as (5.27) W
We next prove the N = 0 or co law for the right-modified case (5.5):

- if T i
hp = Z(—1) <i>An_,~u : (5.30)
=0
Xo(u) = uwu’ + [u, Af) = vu’ + [u, hy). (5.31)
Proposition 5.32.

n

s>0

)hns(adu)s(u’). (5.33)

Proof. First, formula (5.31) implies that

Xo(u') = u(u?) + [u’, Ap). (5.34)
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Next, for the LHS of formula (5.33) we get:
- if T iy _
Xa(l) = Xa(3_(-1 (JA”_,U ) =
= S0 ()l A 4 [+ A (639)
i=0

For the RHS of formula (5.33) we obtain:

%(—W <n B 1) (A1t + Angr ()] + En:(—l)i <n> Ap_il Ay +  (5.36)

)
§=0 J i=0

+ zn:(—l)i (7;) [A] ™™+ A (u )] + (5.37)
=0

+3 (S _’Z 1) <” ; 8) (=1)% Ay s (ady)* (). (5.38)

The 3" and 5" sums in (5.35) cancel out.

The 2" sum in (5.35) is the same as the last one in (5.36).

The 1% sums in (5.36) and (5.37) combine to cancel out the 4* sum in (5.35). The
remaining terms, multiplying from the right A, _,, become:

Car (utey 2 o (U Dy (T ey +

r r+1 r
+§s:<—1)’"<811> (T::::)ur_s(—adu)s(u’). (5.39)

But this is the mirror image of the identity (5.17), because the anti-involution Z acting
identically on the variables u and v/, takes ad, into —ad,:

I(adu(f)) = Z(uf = fu) = Z(f)u —uZ(f) = (—ad,)Z(f) W (5.40)

Remark 5.41. Comparing formula (5.13) and (5.33) we see that the left- and right-
modified 2™ flows are related by a mysterious anti-involution acting on the u’s, but acting
on the h;’s as an involution.

6 The Right-Modified Hierarchy

The right-modified hierarchy, in the variables
{hn, nec ZZO} & w, (61)

is isomorphic, through the map (5.30), to our original A-hierarchy extended by a single
field u. This extended hierarchy will be determined once we construct an extension M of
the matrix M (2.6). The desired extension can be extracted from formula (4.15),

Xryi1(u) = uXrp(u) + ady, X1(Ao), (6.2)
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which can be interpreted as the condition guaranteeing that the two-sided ideal generated
by the expressions

Ai+1 — Aiu, 1€ Zzo, (63)

is preserved by each flow in the hierarchy.
Thus, the extended matrix M is:

u ‘ A Aj>o
s u (L, ad, 0) ; (6.4)
M= 4 \0 | M

We first verify that all the extended flows commute with the flow Xo:

Xo(u) = wu' + [u, Ap], (6.5a)
XQ(A,—L) = XQ(An), nec ZZO' (65b)

We need to check formula (2.17):
Xo(M) = [D(X3), M]. (6.6)
The LHS of formula (6.6) is

u Aj
~ ~ u Euu/—i-[u,A/ } 56aduu/+[u7‘A/ } (67)
DM = 4 ( 0 XMy )
Next
u Aj
B u Ryo+ Lyd —ad,  Siad,0 (6.8)
D(X,) = A; ( 0 Ao DO(XQ)'Z> )
so that
(D(X9) M)t = (Ry + Lu0 — ad ) L, (6.9a)
(D(X2)M)E = 6k(Ry + L0 — adA/)ad -
+ad, (0% + 6L 4,), (6.9b)
(D(X2) M)} =0, (6.9¢)
(D(X2)M)] = (D(X2)M)], (6.9d)
(MD(X2))it = Lu(Ru + Lud — ad.y ), (6.10a)
(MD(X2))k = 6§ Luadud + ady[670 + 6§ (Ray + La,0)), (6.10b)
(MD(X3))¥ =0, (6.10c)
(MD(X5))] = (MD(X2))]. (6.10d)
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Hence, formula (6.6) is true at the A-rows. It is obviously true at the u — u place:
[D(X2), MJj; = 106 (R + Lud = ad.yy), L] = Lu, = [Lag, L] =
= -i/uu’ + IA/uAf)—AE)u = i’uu’-{—[u,Aé] = X2(M)5 (611)

At the u — Ay, place, we get:

[D(X2), MJi = 65 (R + Lud — ad 4y )ady, + adud(S7 + 6§ La,) —
—06 Luad,d — ady[0Y0 + 66 (R, + La,0)] = 55 times : (6.12)

(Ruw + Lud — ad gy )ady + adydLa, — Lyadyd — ady(Ra; + La,0). (6.13)
The 2" and 5" terms combine into

Lyady = Ly(Ly — Ry). (6.14a)
The 4% and 7" terms yield

ady L, (6.14b)
and together with the 6" and 3"¢ term make up

adulALA{) - aduRA6 — ad gy ady = lady, ad ] = adp, Ay (6.14c)
The remaining 1% terms in (6.13) and (6.14a) combine into

Ry (Lu = Ru) + Lu(Luy = Rur) = =Ry Ry + Ly Ly =

= —Ryy + Lyy = ady,. (6.14d)

Thus,

[D(X2), MI; = 65 aduusfu,ay) = Xa(M?), (6.15)

and formula (6.6) is thereby proven.
To show that all the extended flows commute, we verify formula (2.23), in the form

OV (0U) — OV (0OV) = O(V(O)U — U(0)V), (6.16)

where O stands for M and

U= (;) V= <§> (6.17)

are arbitrary u- and A-independent vectors.
We have, by formula (6.4):

oU = <“f L[;‘/’YO]>, oV = <“g Tf; Z“]) > (6.18)
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OV (OU) = (51\/<“f + [u, Yo])

MY

_ <(Ug + [u7 ZO]/)_](\-_}_ [ug + [u7 ZO]a }/0]>, (619)
MZ(MY)

so that for the LHS of formula (6.16) we find:

— — F

OvV(OU)-0U(0V) = (/q\Z(MY) _ W(MZ))’ (6.20)
where

F= (ug + [uv ZO])f + [ug + [’LL, ZO]7Y0] - (uf + [U, YVODQ -

+[u, [Zo, Yol]- (6.21)

Further, by formula (6.4),
Aj
_ w | Ly  ad, (6.22)

Vo= a4 (o Zm) T

¥ Y f _ gf+ [gvyv()}

vow =7o)(3) = () (629
whence for the RHS of formula (6.16) we get:

9f + 19, Yol = fg—[f, Zo]\ _ G

o Sy v )~ (zay - vnn) (o2
where

G =u{gf +[9,Yo] = fg = [f, Zo]} + [u, (Z(M)Y =Y (M) Z)q]. (6.25)
But

(ZMY =Y (M)Z)o = Y (Z(M)Y; = V(M) Z;) =

J
= > (8L — 8Ly, Z;) = [Z0, Yo, (6.26)
J

because

M =6+ G Lag = Z(M)) = 8Ly, (6.27)
Substituting (6.26) into (6.25), we find:

and this is the same expression as (6.21). Formula (6.16) is thereby proven.
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7 A Single-Component Reduction
The 27 flow
XQ(Ak) = ;€+1 + AkAé), ke ZZO? (71)

allows the reduction

A = (—1)kA'IS+1, ke ZZO' (72)
Indeed,
Ag = Al + AgAl = (—A3) + Ag Al = — A} Ao, (7.3)
and then
Ap=(—DRAFT Y = (—1D)F Y0 AJAgAT = (—1)F Y Af(—ApAg) Al =
i+j=k i+j=k
= (=D)FHAGH) Ao = (—1)M(AFF) — AFTAY] = Ajyy + A G (7.4)

Let us show that the reduction (7.2) works for all the flows in our hierarchy. Since this
reduction can be thought of as the composition of two reductions:

A =ufh, ke Zsg, (7.5)
and
u= —h, (7.6)

it is enough to show that two-component hierarchy resulting from the left reduction (7.5),
itself allows the reduction (7.6).
By formulae (4.10,17),

XL+1: ( g: .z\-/0+h )XL, LGZZO: (77)

X (u) = X (u)u, (7.8a)

XL+1(h) = XL(u)h + (’LL + h)XL(h) (78b)
Hence,

Xy (u+h) = Xp(w)(u+h) + (u+h)X5(h). (7.9)

Thus, if the flow X, is reducible then so is Xy11; and X; is obviously reducible:

X1(u+h) = (u+h). (7.10)
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